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Induced Z-actions

(X ,Σ, µ,T ) - probability measure-preserving transformation

A ∈ Σ, µ(A) ∈ (0, 1)

By Poincaré Recurrence Theorem, the times of the visits in A of an
orbit starting from A form (almost surely) a doubly infinite subset of Z.

Any doubly infinite subset of Z is order isomorphic to Z, this is why we
can view the set of visits to A as the complete orbit of another
transformation defined on A.

That transformation is the induced transformation on A, denoted TA.
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Not true even for Z2

The above fails already for actions of Z2.

By Poincaré, almost every orbit starting from A will visit A infinitely
many times.

If we assume ergodicity then we know even more: for any Følner
sequence F , almost every orbit starting from A visits A infinitely many
times with positive F-density.

But still, the times of the visits may form a subset of Z2 completely
“incompatible” with Z2.
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So, there seems to be no general method of turning the visits into an
orbit of another Z2-action defined on A.
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The concept of a multiorder

When dealing with Z-actions, on many occasions we implicitly use the
natural linear order < on Z.

It has the very useful invariance property: m < n ⇐⇒ m + k < n + k ,
for any m, n, k ∈ Z.

On Z2 this property has, for example, the lexicographical order:
(a, b) < (c,d) ⇐⇒ a < c ∨ (a = c ∧ b < d).

But there are countable amenable groups without an invariant linear
order (so-called non-orderable groups).

However, every countable amenable group admits an invariant random
order, that is, a family of linear orders equipped with a probability
measure ν that is invariant under shifting the group.

Moreover, there exists such a measure supported by orders ≺ of type
Z (i.e., such that (G,≺) is order-isomorphic to (Z, <)).
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The concept of a multiorder

An order ≺ of type Z can be identified with an enumeration of the
group by natural numbers, i.e., a bijection bi : Z → G.

For this identification to be unambiguous, we need to restrict to
anchored bijections, i.e., such that bi(0) = e (the unity of G).

We denote the collection of all anchored bijections by Õ.

On anchored bijections, the action of G has the following formula:

for bi ∈ Õ,g ∈ G, n ∈ Z, we have g(bi)(n) = bi(n + k)g−1,

where k ∈ Z is such that g = bi(k). The image is again an anchored
bijection.
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The concept of a multiorder

g(bi)(n) = bi(n + k)g−1

We will denote this action of G on Õ by ρ.
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The concept of a multiorder

Unfortunately, the set Õ is not compact in any reasonable topology, but
it is a Polish space and it always supports a probability measure ν
(typically more than one) invariant under the action ρ of G.

The G-system (Õ, ν, ρ) will be called a multiorder on G (from now on,
we skip indicating the σ-algebras in our probability spaces).

The key theorem, which makes multiorders extremely useful is as
follows:

Theorem 1
If τ is a free measure-preserving action of G on a probability space
(X , µ) then there exists a multiorder (Õ, ν, ρ) and a measure-theoretic
factor map between the G-actions ϕ : (X , µ, τ) → (Õ, ν, ρ).

The quadruple (X , µ, τ, ϕ) will be called a multiordered G-system.
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The G-system (Õ, ν, ρ) will be called a multiorder on G (from now on,
we skip indicating the σ-algebras in our probability spaces).

The key theorem, which makes multiorders extremely useful is as
follows:

Theorem 1
If τ is a free measure-preserving action of G on a probability space
(X , µ) then there exists a multiorder (Õ, ν, ρ) and a measure-theoretic
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The concept of a multiorder

For example, the default multiorder on Z is the trivial one-point system
consisting of the order < (or the identity bijection). Thus, every
Z-action is (trivially) multiordered.

But there are other, non-trivial multiorders on Z, and surprisingly, most
of ergodic theory holds if Z is eqiupped with any of them.

On Z2, there is no trivial (one-element) multiorder (the lexicographical
order is not of type Z). An interesting multiorder is one whose
elements resemble the Hilbert curve. Below is a typical order.

This multiorder has the additional property of bounded jumps, i.e.,
bi(n + 1)− bi(n) ∈ F (F - finite).
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Multiorder vs. orbit-equivalence

As we know (by Ornstein–Weiss), any measure-preserving action of a
countable amenable group is orbit-equivalent to a Z-action. In fact,
there exists a Z-action on the same space and with the same orbits.

For multiordered systems (X , µ, τ, ϕ), we can be more specific. The
transformation that defines the Z-action with the same orbits is the
successor map given by the formula:

S(x) = bix(1)(x), where bix = ϕ(x).

Then the following holds for all n ∈ Z:

Sn(x) = bix(n)(x).

(In fact, any Z-action with the same orbits is generated by the
successor map of some multiorder factor.)
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Entropy of a multiorder

Theorem 2 ([DOWZ])

On every countable amenable group there exists a multiorder (Õ, ν, ρ)
with entropy zero, i.e., with hν(ρ) = 0.

It is not hard to see that on every such group there also exist
multiorders with positive entropy.
Any multiorder (Õ, ν, ρ) is naturally a multiordered G-system (with
ϕ = id), thus it admits the successor map given by bi 7→ bi(1)(bi),
which refers to the action of ρ by the element bi(1) ∈ G, applied to bi.
We will call it the inner successor map and denote it by S̃.
It turns out that the entropies of ρ and of S̃ are independent.

Theorem 3 ([DOWZ])

On every countable amenable group there exists a multiorder (Õ, ν, ρ)
with double entropy zero, i.e., with hµ(ρ) = hµ(S̃) = 0.
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Any multiorder (Õ, ν, ρ) is naturally a multiordered G-system (with
ϕ = id), thus it admits the successor map given by bi 7→ bi(1)(bi),
which refers to the action of ρ by the element bi(1) ∈ G, applied to bi.
We will call it the inner successor map and denote it by S̃.
It turns out that the entropies of ρ and of S̃ are independent.

Theorem 3 ([DOWZ])

On every countable amenable group there exists a multiorder (Õ, ν, ρ)
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Can we use the successor map to define an induced
action?

A naive way to define the G-action induced on a set A of nontrivial
measure would be as follows:

1 Given x ∈ A, let {. . . , n−2, n−1, n0 = 0,n1, n2, n3, . . . } denote the
visit times of the S-orbit of x in A.

2 Given g ∈ G, let k be such that g = bix(k).
3 Define the induced transformation by gA(x) = bix(nk )(x)

(equivalently gA(x) = Snk (x)).
This is exactly how things work for Z-actions with the default trivial
multiorder (i.e., with bi = id for any x). We then have indeed
T k

A (x) = T nk (x).

Unfortunately, this method does not work. The composition rule
hA(gA(x)) = (hg)A(x) holds only when ϕ(A) is invariant under ρ (for
example, when the multiorder is trivial).
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Creating a G-action from a Z-action

In order to define an induced action, we first need to learn how to
create a multiordered G-action from a general Z-action.

This can be done by means of a skew product, on a larger probability
space (X × Õ, µ× ν).

So, let (X , µ,T ) be a measure-preserving Z-action and let (Õ, ν, ρ) be
a multiorder on G.

For g ∈ G, x ∈ X and bi ∈ Õ, we let

g(x ,bi) = (T k (x),g(bi)),

where k is such that bi(k) = g and g(bi) refers to the action ρ.

It can be verified that this is a valid G-action, with the projections of the
orbits coinciding with the orbits of the Z-action.

It factors onto the multiorder by projection, so it is multiordered with
ϕ = π2.
If the Z-action is free, so is the G-action.
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g(x ,bi) = (T k (x),g(bi)),

where k is such that bi(k) = g and g(bi) refers to the action ρ.

It can be verified that this is a valid G-action, with the projections of the
orbits coinciding with the orbits of the Z-action.

It factors onto the multiorder by projection, so it is multiordered with
ϕ = π2.
If the Z-action is free, so is the G-action.

Tomasz Downarowicz (Wrocław) Induced G-actions October 3, 2026 13 / 18



The successor map reverses the above passage

Above, we have constructed a multiordered G-action from a Z-action.

So, associated with this action there is a successor map S.

As we now have ϕ(x ,bi) = bi, the successor map is given by

S(x ,bi) = g(x ,bi) = (T k (x), g(bi)),

where g = ϕ(x ,bi)(1) = bi(1) and k is such that g = bi(k), i.e., k = 1.

Recall that the transformation on Õ given by bi 7→ bi(1)(bi) is the inner
successor map S̃, so we can write

S(x ,bi) = (T (x), S̃(bi)).

We have proved the following interesting fact:

Theorem 4
The successor map of the skew product G-action created from a
Z-system (X , µ,T ) splits as the direct product of the original system
(X , µ,T ) with the inner successor map on the multiorder (Õ, ν, S̃).
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Definition of the induced G-action

We are in a position to define the induced G-action.

Let (X , µ, τ, ϕ) be a multiordered measure-preserving G-action and let
(Õ, ν, ρ) be the multiorder factor. Fix a measurable set A ⊂ X with
µ(A) ∈ (0,1).

1 Let (X , µ,S) denote Z-action generated by the successor map S.
2 Let SA denote map induced by S on A. As we know, SA preserves

the normalized conditional measure µA on A. Thus, we have a
probability measure-preserving Z-action (A, µA,SA).

3 To the Z-system (A, µA,SA) we now apply the skew product
construction of a multiordered G-system. As a result, we obtain an
action τA on (A × Õ, µA × ν) given by:

gA(x ,bi) = (Sk
A(x),g(bi)),

where x ∈ A, bi ∈ Õ, gA(x ,bi) refers to the action τA by g ∈ G,
g(bi) refers to the action of ρ and k is such that g = bi(k).

Tomasz Downarowicz (Wrocław) Induced G-actions October 3, 2026 15 / 18



Definition of the induced G-action

We are in a position to define the induced G-action.

Let (X , µ, τ, ϕ) be a multiordered measure-preserving G-action and let
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(Õ, ν, ρ) be the multiorder factor. Fix a measurable set A ⊂ X with
µ(A) ∈ (0,1).

1 Let (X , µ,S) denote Z-action generated by the successor map S.
2 Let SA denote map induced by S on A. As we know, SA preserves

the normalized conditional measure µA on A. Thus, we have a
probability measure-preserving Z-action (A, µA,SA).

3 To the Z-system (A, µA,SA) we now apply the skew product
construction of a multiordered G-system. As a result, we obtain an
action τA on (A × Õ, µA × ν) given by:
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Definition of the induced G-action

gA(x ,bi) = (Sk
A(x),g(bi))

Note that Sk
A(x) = Snk (x) = bix(nk )(x), where, as before,

{. . . , n−2, n−1, n0 = 0,n1, n2, n3, . . . } denotes the set of visit times of
the S-orbit of x in A.

So, the boxed formula can be rewritten as

gA(x ,bi) = (bix(nk )(x), g(bi)).

Note that the first coordinate resembles the naive formula proposed
earlier: gA(x) = bix(nk )(x).

However, this time, k does not depend on x (via g = bix(k)); it is
selected so that g = bi(k), where bi is independent of x .
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Properties of the induced action

1 Entropy – Abramov formula.

Recall that for a Z-action (X , µ,T ) we have hµA(TA) =
hµ(T )
µ(A) .

For a multiordered G-action (X , µ, τ, ϕ) we have:

hµA×ν(τA) =
hµ(τ |ϕ) + hν(S̃)

µ(A)
+ hν(ρ)

If the multiorder has double entropy zero then this formula
matches the original Abramov formula: hµA(τA) =

hµ(τ)
µ(A) .

2 Duality to towers.
Recall that for Z-actions, we can recover the entire system from
the induced system given the return-time function, by building a
tower over (A, µA,TA).
A similar tower construction works for multiordered G-actions. The
original system can be recovered from the induced system and
the return-time function evaluated for the successor map.
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However, the details of the tower construction for G-actions are a
subject for a separate lecture.

The proof of the duality statement from the previous page essentially
uses our Theorem 4.

The usefulness of the notion of an induced G-action is yet to be
discovered...

Thank you
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